Abstract. Let R be a commutative Noetherian ring, and let N be a non-zero finitely generated R-module. The purpose of this paper is to show that N is locally unmixed if and only if, for any N -proper ideal I of R generated by ht N I elements, the topology defined by (IN ) (n) , n ≥ 0, is linearly equivalent to the I-adic topology.
Introduction
Let R denote a commutative Noetherian ring, I an ideal of R and N a non-zero finitely generated R-module. We denote by R[It] (resp. R [It, u] ) the graded ordinary (resp. extended) Rees ring ⊕ n∈N 0 I n t n (resp. ⊕ n∈Z I n t n ) of R with respect to I, where t is an indeterminate and u = t −1 . Also, the graded ordinary Rees module ⊕ n∈N 0 I n N over R[It] (resp. graded extended Rees module ⊕ n∈Z I n N over R [It, u] ) is denoted by N[It] (resp. N[It, u]), which is finitely generated. For any multiplicatively closed subset S of R, the nth (S)-symbolic power of I with respect to N, denoted by S(I n N), is defined to be the union of I n N : N s where s varies in S. The I-adic filtration {I n N} n≥0 and the (S)-symbolic filtration {S(I n N)} n≥0 induce topologies on N which are called the I-adic topology and the (S)-symbolic topology, respectively. These two topologies are said to be linearly equivalent if, there is an integer k ≥ 0 such that S(I n+k N) ⊆ I n N for all integers n. In particular, if S = R \ {p ∈ mAss R N/IN}, where mAss R N/IN denotes the set of minimal prime ideals of Ass R N/IN, the nth (S)-symbolic power of I with respect to N, is denoted by (IN) (n) , and the topology defined by the filtration {(IN) (n) } n≥0 is called the symbolic topology. The purpose of this paper is to show that N is locally unmixed if and only if, for each N-proper ideal I that is generated by ht N I elements, the I-adic and the symbolic topologies are linearly equivalent.
P. Schenzel has characterized unmixed local rings [19, Theorem 7] in terms of comparison of the topologies defined by certain filtrations. Also, D. Katz [9, Theorem 3.5] and J. Verma [21, Theorem 5.2] have proved a characterization of locally unmixed rings in terms of s-ideals. Equivalence of I-adic topology and (S)-symbolic topology has been studied, in the case N = R, in [9, 15, 19, 18, 17] , and has led to some interesting results.
Let p ∈ Supp(N). Then N-height of p, denoted by ht N p, is defined to be the supremum of lengths of chains of prime ideals of Supp(N) terminating with p. We have ht N p = dim Rp N p . We shall say an ideal I of R is N-proper if N/IN = 0, and, when this is the case, we define the N-height of I (written ht N I) to be
If (R, m) is local, then R (resp. N) denotes the completion of R (resp. N) with respect to the m-adic topology. In particular, for any p ∈ Spec(R), we denote R p and N p the pR p -adic completion of R p and N p , respectively. Then N is said to be an unmixed module if for any p ∈ Ass R N , dim R/p = dim N. More generally, if R is not necessarily local and N is non-zero finitely generated, N is a locally unmixed module if for any p ∈ Supp(N), N p is an unmixed R p -module.
As the main result of this paper we characterize the locally unmixed property of a nonzero finitely generated R-module N in terms of the linearly equivalence of the topologies defined by {I n N} n≥0 and {(IN) (n) } n≥0 , for certain N-proper ideals I of R. More precisely we shall show that: Theorem 1.1. Let R be a Noetherian ring and N a non-zero finitely generated R-module.
Then the following conditions are equivalent:
(i) N is locally unmixed.
(ii) For each N-proper ideal I of R that is generated by ht N I elements, the topology given by { (IN) (n) } n≥0 is linearly equivalent to the I-adic topology on N.
One of our tools for proving Theorem 1.1 is the following, which plays a key role in this paper. Recall that a prime ideal p of R is called a quitessential prime ideal of I with respect to N precisely when there exists q ∈ Ass Rp N p such that Rad(I R p + q) = p R p . The set of quitessential primes of I is denoted by Q(I, N). Then, the set of essential primes of I with respect to N, denoted by E(I, N), is defined to be the set {q ∩ R | q ∈ Q(uR [It, u] , N[It, u])}. Theorem 1.2. Let R denote a Noetherian ring, N a non-zero finitely generated R-module and I a N-proper ideal of R such that E(I, N) = mAss R N/IN. Then, the I-adic topology {I n N} n≥0 and the topology defined by {(I n N) (n) } n≥0 are linearly equivalent.
The proof of Theorem 1.2 is given in 1.13.
Throughout this paper, R will always be a commutative Noetherian ring with non-zero identity, N will be a non-zero finitely generated R-module, and I will be an N-proper ideal of R, i.e., N/IN = 0. For each R-module L, we denote by mAss R L the set of minimal primes of Ass R L. For any ideal J of R, the radical of J, denoted by Rad(J), is defined to be the set {x ∈ R : x n ∈ J for some n ∈ N}. For any unexplained notation and terminology we refer the reader to [6] or [12] .
The Results
The main result of this section is to show that a non-zero finitely generated module N over a Noetherian ring R is locally unmixed if and only if, for any N-proper ideal I of R that can be generated by ht N I elements, the topologies defined by {I n N} n≥0 and {(IN) (n) } n≥0 , on N, are linearly equivalent. We begin with the following remark.
Remark 2.1. Let R be a Noetherian ring and N a finitely generated R-module. For a submodule M of N and an ideal I of R, the increasing sequence of submodules
n for all large n. Let
Then, from the definition, it easily follows that M :
Now we can state and prove the following lemma. Here D I (L) denotes the ideal transform of the R-module L with respect to an ideal I of R (see [5, 2.2 
.1]).
Lemma 2.2. Let (R, m) be local (Noetherian) ring, I an ideal of R and N a non-zero finitely generated R-module such that depth N > 0. Then, for all integers n ≥ 0, we have
Proof. The assertion follows from [5, Corollary 2.2.18] and the fact that depth I n N > 0 for all integers n ≥ 0.
The next result concerns the associated prime ideals of the Rees module N[It] for a non-zero finitely generated module N over a Noetherian ring R and an ideal I in R. Proposition 2.3. Let R be a Noetherian ring, I an ideal of R and N a non-zero finitely generated R-module. Then
Now, it is easy to see that p := (0 : R x) is a prime ideal of R and so p ∈ Ass R N. Hence q = ⊕ n≥0 (I n ∩ p) for some p ∈ Ass R N. Conversely, let p ∈ Ass R N and p = (0 : R x) for an element x ∈ N. Then Proof. In order to prove the implication (i) =⇒ (ii), suppose that p ∈ Ass R N. Then in view of Proposition 2.3, there exists q ∈ Ass 
Proof. It is easy to see that
and so by faithfully flatness of R[(I R)t] over R [It] , it is enough for us to show that the
is finitely generated. In order to do this, in view of Proposition 2.9, it is enough to show that ⊕ n≥0 D m (I n R + p/p) is finitely generated over R/p[(I R + p/p)t] for all p ∈ Ass R N. But this follows easily from [19, Proposition] and the assumption l(I R + p/p) < dim R/p. Remark 2.11. Before bringing the next result we fix a notation, which is employed by P. Schenzel in [18] in the case N = R. Let S be a multiplicatively closed subset of a Noetherian ring R. For a submodule M of a finitely generated R-module N, we use S(M) to denote the submodule s∈S (M : N s). Note that the primary decomposition of S(M) consists of the intersection of all primary components of M whose associated prime ideals do not meet S. In other words Ass R N/S(M) = {p ∈ Ass R N/M : p ∩ S = ∅}. In particular, if S = R \ {p ∈ mAss R N/IN}, then for any n ∈ N, S(I n N) is denoted by (IN) (n) , where I is an ideal of R.
The following lemma is needed in the proof of Theorem 2.13.
Lemma 2.12. Let R be a Noetherian ring and N an R-module. Let M and L be two
Proof. The assertion follows from the fact that Ass
Following, we investigate a fundamental characterization for linearly equivalence between the I-adic and symbolic topologies on a finitely generated R-module N, for certain ideal I of R. This result plays a key role in the proof of the main theorem.
To this end, recall that, in [16] , L.J. Ratliff, Jr., (resp. in [2] Brodmann) introduced the interesting set of associated primesĀ * (I) := Ass R R/(I n ) a (resp. A * (I, N) := Ass R N/I n N ), for large n. Here I a denotes the integral closure of I in R, i.e., I a is the ideal of R consisting of all elements x ∈ R which satisfy an equation x n + r 1 x n−1 + · · · + r n = 0, where r i ∈ I i , i = 1, . . . , n. Moreover, recall that a local ring (R, m) is said to be a quasi-unmixed ring if for every p ∈ mAss R, the condition dim R/p = dim R is satisfied. 
Now, we show that there exists a non-negative integer k such that (IN) (n+k) ⊆ I n N for all integers n ≥ 0. To do this, it is easy to see that, (IN) Hence by induction hypothesis, there exists a non-negative integer k q such that
for all integers n ≥ 0. Now, in view of Remark 2.1,
it follows that for all q ∈ Ass R N/(I n N : N m ), there exists a non-negative integer k q such that
for all integers n ≥ 0. Hence by considering
for all q ∈ Ass R N/(I n N : N m ) and all integers n ≥ 0. Therefore, by virtue of the Lemma 2.12, we have
On the other hand, in view of Corollary 2.6, there exists an integer s ≥ 0 such that
for all integers n ≥ 0, and thus the topologies defined by the filtrations {I n N} n≥0 and {(IN) (n) } n≥0 are linearly equivalent.
We are now ready to state and prove the main theorem of this paper, which is a new characterization of locally unmixed modules in terms of comparison of the topologies defined be certain decreasing families of a submodules of finitely generated modules over a commutative Noetherian ring. One of the implications in the proof of this theorem follows from [13, Theorem 3.2] . Theorem 2.14. Let R be a Noetherian ring and N a non-zero finitely generated Rmodule. Then the following conditions are equivalent:
(ii) For any N-proper ideal I of R generated by ht N I elements, the I-adic topology is linearly equivalent to the symbolic topology.
Proof. The implication (ii) =⇒ (i) follows easily from [13, Theorem 3.2] . In order to prove the conclusion (i) =⇒ (ii), let I be an N-proper ideal of R which is generated by ht N I elements. Then, in view of Theorem 2.13 it is enough for us to show that E(I, N) = mAss R N/IN. Suppose that p ∈ E(I, N), and we show that p ∈ mAss R N/IN. Let ht N I := n. Then by [13, Theorem 2.1], there exist the elements x 1 , . . . , x n in I such that ht N (x 1 , . . . , x i ) = i for all 1 ≤ i ≤ n. As, in view of [13, Corollary 3.11 ], x 1 , . . . , x n is an essential sequence on N, and the fact that egrade(I, N) ≤ ht N I, it follows that egrade(I, N) = n. Now, analogous to the proof of [8, Theorem 125] , it is easy to see that I can be generated by an essential sequence of length n. Therefore by [13, Lemma 3.8], we have p ∈ mAss R N/IN , and so E(I, N) ⊆ mAss R N/IN. As the opposite inclusion is obvious, the result follows.
